Cross It Out
As an ice-breaker for the first class meeting of the ‘Maths Master Class’ at The British School Al Khubairat (BSAK) we played the game ‘Cross It Out’; this was one of the games suggested by Cherri Moseley in her article “Welcoming Your New Class” , published on the NRICH website, September 2010 issue.

After playing the game a few times with the number line

	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20


the students were quick to observe that zero can never be crossed out; so we removed zero from our number line.

The students also observed that the number of integers would have to be odd if it were going to be possible to cross out all of the integers in a game; so we removed 20 from our number line.

We now considered two questions:

(a) If the number line consists of the integers 1 to n, where n is odd, can we predict how many different sequences of operations (additions and subtractions) there will be for crossing out all of the numbers? For small values of n it is easy to find all of the different sequences of operations, and count them, but it becomes much more difficult as n increases … and we failed to find a pattern relating the number of sequences N to the number of integers n.

(b) If the number line consists of the integers 1 to n, where n is odd, is there always at least one sequence of operations (additions and subtractions) that will allow us to cross out all of the numbers?

The following solution to (b) was proposed, and presented to the members of the ‘Maths Master Class’, by Madeleine Hyde, who is a BSAK student in Year 9: 

Solution proposed by Madeleine Hyde, British School Al Khubairat (Year 9)

For illustration we will use the number line,

	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	15
	16
	17
	18
	19


but the process will work for any number line starting at 1 and finishing at an odd integer n.

Always start by taking the difference of the two largest integers, i.e. 19 – 18 = 1.

The series of operations must alternate  -, +, -, +, -,+, etc.

	19
	-
	18
	=
	1

	1
	+
	
	=
	

	
	-
	
	=
	

	
	+
	
	=
	

	
	-
	
	=
	

	
	+
	
	=
	

	
	-
	
	=
	

	
	+
	
	=
	

	
	-
	
	=
	


On the right-hand side of each operator list the even integers in decreasing order.

	19
	-
	18
	=
	1

	1
	+
	16
	=
	

	
	-
	14
	=
	

	
	+
	12
	=
	

	
	-
	10
	=
	

	
	+
	8
	=
	

	
	-
	6
	=
	

	
	+
	4
	=
	

	
	-
	2
	=
	


Then the right-hand side of each sum or difference, and the left-hand side of each operator, will immediately follow, i.e.

	19
	-
	18
	=
	1

	1
	+
	16
	=
	17

	17
	-
	14
	=
	3

	3
	+
	12
	=
	15

	15
	-
	10
	=
	5

	5
	+
	8
	=
	13

	13
	-
	6
	=
	7

	7
	+
	4
	=
	11

	11
	-
	2
	=
	9


and all of the integers on the number line have been crossed out!
